Recent studies show that for systems with four identical fermions in the j = 9/2 shell two special states, which have seniority v = 4 and total spins I = 4 and 6, are eigenstates of any two-body interaction. These states have good seniority for an arbitrary interaction. In this work an analytic proof is given to this peculiar occurrence of partial conservation of seniority which is the consequence of the special property of certain coefficients of fractional parentage. Further calculations did not reveal its existence in systems with other n and/or I for shells with j ≤ 15/2.
I. INTRODUCTION
It is well known that seniority remains a good quantum number for systems with identical fermions in a single-j shell when j ≤ 7/2, irrespective of (rotationally invariant) interactions used. This property of seniority conservation is no longer valid in shells with j ≥ 9/2. To conserve seniority, the acting two-body interaction has to satisfy [(2j − 3)/6] linear constraints ([n] denotes the largest integer not exceeding n). For example, for j = 9/2 shell the number of conditions is [(2j − 3)/6] = 1 and the necessary and sufficient condition for the conservation of seniority is [1] 65V 2 − 315V 4 + 403V 6 − 153V 8 = 0,
where V J = j 2 ; J|V |j 2 ; J are two-body matrix elements of the interactionV . |j 2 ; J denotes a two-particle state coupled to angular momentum J which runs over even values from 0 to (2j − 1). Such conservation conditions are not satisfied by most general two-body interactions for which the eigenstates would be admixtures of states with different seniorities. However, it was noted that in j = 9/2 shell some special eigenstates have good seniority for an arbitrary interaction [2, 3] . The states are eigenstates of any two-body interaction and exhibit partial dynamic symmetry and the solvability property [4, 5] . The partial conservation of seniority in these states may shed light on the existence of seniority isomers in nuclei in the 0g 9/2 shell [4] .
More specifically, for four identical fermions in j = 9/2 shell, there are three states with total angular momentum I = 4 and I = 6. These states may be constructed so that one state has seniority v = 2 (denoted as |j 4 , v = 2, I in the following) and the other two have seniority v = 4 (denoted as |j 4 , α 1 , v = 4, I and |j 4 , α 2 , v = 4, I where the index α symbolizes an additional quantum number needed when there are more than one states with a given seniority v and total angular momentum I). The seniority v = 4 states are not uniquely defined and any linear * Email: chongq@kth.se combination of them would result in a new sets of v = 4 states. However, in Refs. [2, 3] it was found that one special v = 4, I = 4 (and I = 6) state has the interesting property that it has vanishing matrix elements with the remaining two states orthogonal to it even if an interaction that does not conserve seniority is used. This indicates that the special state conserves seniority and is an eigenstate of any two-body interaction. Zamick and Van Isacker [6] examined the consequences of this vanishing of non-diagonal matrix elements and showed that it can be attributed to the special relation of certain oneparticle coefficients of factional parentage (cfp) as
where the states |j 5 , v = 5, I 5 = j and |j 5 , v = 3, I 3 = j can be uniquely specified. Above relation, which was noted based on the cfp table of Bayman and Lande [7] , should be valid for any set of v = 4 and I = 4 (and I = 6) states but an analytic proof of it is still absent.
The purpose of this paper is to derive an analytic proof to the partial conservation of seniority in j = 9/2 shell. Calculations will also be carried out to see if such kind of states exist in systems with other n or j.
Firstly in Section II we give a brief description to the problem based on one-particle and two-particle cfp. Analytic proof of the special property of one-particle cfp [Eq. (2) ] is derived in Section III. In Section IV numerical calculations are carried out to explore the possible existence of other partial seniority-conserved solvable state. A summary is given in Section V.
II. VANISHING OF NON-DIAGONAL MATRIX ELEMENTS
The problem has been described in Refs. [2] [3] [4] [5] [6] 8 ] in a variety of ways and will only be briefly discussed here for completeness. For a system with n identical fermions in a single-j shell (denoted as j n ) the matrix elements of the Hamiltonian can be written as linear combinations of the interaction terms V J as,
where I is the total spin of the system and M (J) are symmetric matrices. In particular, the non-diagonal matrix elements between states involving different seniorities can be written as,
where C I v1,v2 denotes a coefficient independent of the interaction. By requiring H I v1v2 =0 we get the conservation conditions of seniority [e.g., Eq. (1)] which is known in algebraic forms [1, 4, 9] . λ serves as an additional quantum number when more than one conservation conditions are present [4, 10] . The number of seniority conditions can be probed by decomposing the two-body matrix elements V J into quasispin tensors with rank zero and two [1, 9] . Since the rank zero tensors and the pairing term of rank two tensors do not mix seniority, the number of seniority conservation conditions is related to the number of linearly independent quasispin rank two tensors.
As mentioned above, there are two v = 4 states with I = 4 (and I = 6) for the (9/2) 4 configuration. The non-diagonal matrix elements invovling the special I = 4 (and I = 6) state (denoted as |j 4 , a, v = 4, I as in Ref. [6] ) satisfy
where |j 4 , b, v = 4, I denotes the corresponding orthogonal v = 4 state. Since the state |j 4 , a, v = 4, I is an eigenstate of any interaction, we should also have
which are valid for any angular momentum J. The special v = 4 state may be written as a combination of an arbitrary set of v = 4 states as [6] 
where the amplitudes are denoted by α and β which can be easily distinguished from the Greeks which symbol different states. It is trivial to construct a special v = 4 state (through Eq. (7)) that satisfies
by taking into account the fact that in j = 9/2 shell there is only one seniority conservation condition and the nondiagonal matrix elements involving different seniorities are in the form of Eq. (4). Inserting Eq. (7) into Eqs. (5) and (6), immediately we have,
and
Above two relations are sufficient in ensuring that the state |j 4 , a, v = 4, I is an eigenstate of any Hamiltonian H. It is also an common eigenstate of all matrices M I (J)
where we have
For four identical nucleons in a single-j shell, the state can be written as the tensor product of two-particle states as |j 2 (J)j 2 (J ′ ); I which are not orthonormal [11] [12] [13] . For a given angular momentum I(I = 0), the seniority v = 2 state is unique and can be written as (see, e.g., Ref. [4] )
where N 0I is the normalization factor. One of the seniority v = 4 states can be written as
where J and J ′ are the principal parents. The other v = 4 state can be constructed through the schmidt orthogonalization procedure in a similar way. The two-particle cfp for these states can be constructed with the principalparent scheme [4, 14] and be expressed in closed forms in terms of 9j symbols. The special relations of Eqs. (8) and (9) are demonstrated to be true by symbolic calculations with these expressions of two-particle cfp. However, the final expressions are rather complex and cumbersome and will not be given here for simplicity.
The special v = 4 states can be derived by diagonalizing the Hamiltonian matrix H or matrix M . The two-particle cfp for these special I = 4 and 6 states are given in Table I and II, respectively. The two-particle cfp of the corresponding orthogonal v = 2 and 4 states are also listed for comparison. Although these special v = 4 states can not be constructed through the principalparent procedure in a simple manner, we found that their overlaps with the normalized |j 4 [22], v = 4, I = 4 and j 4 [24], v = 4, I = 6 states are rather large, i.e.,
A. The matrices M I (J = I) in terms of one-particle cfp
The algebraic expressions of the matrix elements of H and M are rather complex in terms of two-particle cfp or 9j symbols. On the other hand, Ref. [6] found that the non-diagonal matrix elements of M I (J = I) can acquire a simple form in terms of one-particle cfp,
By requiring
The special relation of Eq. (2) was derived by inserting Eq. (7) to above equation. The one-particle cfp for these special I = 4 and 6 states are given in Table III and IV, respectively. The oneparticle cfp of the corresponding orthogonal v = 2 and 4 states are also listed for comparison.
As noted in Ref. [2] , the one-particle cfp of states |j 4 , a, v = 4, I also exhibit the special property of 
which is equivalent to the relation defined by Eq. (2).
III. RELATIONS BETWEEN ONE-PARTICLE CFP
The seniority scheme can be obtained by introducing states associated with the irreducible representations of group chain U (2j + 1) ⊃ Sp(2j + 1) ⊃ O(3) where U , Sp and O denote the unitary, symplectic and orthogonal groups, respectively [1, 9] . In Refs. [2, 3, 6 ], the oneparticle cfp are calculated by using the Bayman-Lande procedure [7] in which the seniority-classified cfp are obtained iteratively by diagonalizing the Sp(2j + 1) and SU (2j + 1) Casimir operators.
On the other hand, the one-particle cfp can be factorized into the product of the isoscalar factors of the group chains U (2j + 1) ⊃ Sp(2j + 1) and Sp(2j + 1) ⊃ O(3) [15] (see also Ref. [16] ). The isoscalar factor is introduced based on the factorization property of the ClebschGordan Coefficient (Racah's factorization lemma), that is the Clebsch-Gordan Coefficients of a group S n can be factorized into a Clebsch-Gordan coefficient of the subgroup S n−1 and an isoscalar factor specified for the group chain S n ⊃ S n−1 . The isoscalar factors of group chain U (2j + 1) ⊃ Sp(2j + 1) are known as analytic expressions while those of Sp(2j + 1) ⊃ O(3) can be calculated iteratively by a recurrence formula. Correspondingly, the v → v − 1 cfp can be factorized as [15] 
where R is the Sp(2j + 1) ⊃ O(3) isoscalar factor. With the principal-parent procedure, a state α with total angular momentum J can be written as
where α ′ 1 J ′ 1 denote the principal parents. The coefficients c α ′ 1 J1 can be determined by the standard orthnormalization procedure.
The isoscalar factor R is calculated by a recurrence formula,
where
To prove the special relation of Eqs. (2) & (23), we start from the unique state |j 5 , v = 5, J = j . It can be easily constructed as the tensor product of any n = 4 state and the single particle. We may take J we have,
Taking |α
= 0 and J = j and inserting above relation to Eq. (24), we have
Immediately the special relation of Eq. (19) can be obtained as
which is equivalent to Eq. (2) as mentioned before.
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IV. NUMERICAL CALCULATIONS FOR OTHER SYSTEMS
As mentioned before, the two special v = 4 and I = 4 and 6 states have solvable eigenvalues and are eigenstates of any two-body interaction. The eigenvalue can be expanded in terms of two-body matrix elements as (see, e.g., Ref. [13] )
where C I J = X T M I (J)X and X are the expansion amplitudes of the wave function. C I J are independent of interaction if the state is an eigenstate of any interaction. Moreover, it can be easily recognized that any eigenstate of any two-body interaction should have a definite seniority since admixtures of states with different seniorities cannot yield an eigenstate of any two-body interaction [8] . It may be interesting to see if such kind of state exist in other systems. Such kind of calculations have been done for systems with n = 4 in Ref. [4] in which no other case was found for j > 9/2. To explore the properties of states with other n, I
and/or j, we start from the Hamiltonian matrix of Eq. (3) with an arbitrary interaction. The Hamiltonian matrix is diagonalized numerically by employing the usual shell model diagonalization procedure [17] for symplicity. If an state is an eigenstate of any interaction, the energy expression (Eq. (28)) will be uniquely defined and remain the same with the variation of the two-body matrix elements V J . It provides a simple criterion for the searching of state that exhibits partial seniority conservation.
There are a few trivial cases exist which are not interested here. For example, the state is an eigenstate of any two-body interaction if there is only one state for a given angular momentum I. These trivial cases have been discussed in Refs. [4, 8] and will not be detailed here for simplicity.
We concentrate on systems that have at least two states for a given total spin I, especially states that can not be uniquely defined by the total spin I and seniority v. These states are listed in Tables V and VI. Calculations are done for systems with nucleon numbers up to n = (2j + 1)/2 and j values up to 15/2. Systems with a higher j values, which are of less physical relevance comparatively, can be studied in the same manner.
Calculations did not find any other fermionic system that exhibits partial seniority conservation for shells with j ≤ 15/2.
V. SUMMARY
Seniority is not conserved by most general two-body interactions in single-j shells with j ≥ 9/2. However, recent studies [2] [3] [4] show that for systems with four identical fermions in the j = 9/2 shell two special states, with seniority v = 4 and total spins I = 4 and 6, have good seniority for an arbitrary interaction and are eigenstates of any two-body interaction. This peculiar occurrence of partial conservation of seniority is the consequence of special property of certain one-particle cfp of Eqs. (2) & (19) [6] .
In this paper, the partial conservation of seniority in j = 9/2 shell is studied with the help of two-particle cfp and one-particle cfp. Although the two special I = 4 and 6 state can not be constructed as a simple form within the principal-parent procedure, it is found that their overlaps with the normalized |j 4 [22], v = 4, I = 4 and |j 4 [24], v = 4, I = 6 states are more than 99.5%. The special relation of Eq. (19) is also analytically proven with the principalparent procedure.
If any state is the eigenstate of any interaction, the corresponding expression (Eq. (28)) will be uniquely specified and be independent of two-body interactions. Except the special I = 4 and 6 states mentioned above, calculations did not find its existence in any other fermionic system for shells with j ≤ 15/2.
